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A scheduling problem

Single machine
n jobs, with priorities p; X X a -
equal processing time x S S3 S2 4

decide starting times for jobs
prior to knowledge of x

job j is removed from
schedule if x>p;

minimize makespan
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in fact it is

A geometric problem

-------------------

.............................. 3

S, S S4 S, time S, S S4 S, time

® Single machine ® such that |Si-§|=min{pi,pj}
® n triangles, with sizes p; ® minimize makespan
max S; + p;

® decide starting times $;=0 for
job ® place triangles on the time line

without overlapping



motivation Mixed criticality
scheduling
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Results

complexity ?

where is the barrier ?

approximation algorithm ?

ratio tight !

APX-hard ?

unary NP-hard

binary tree ratio
polynomial if <2
NP-hard if >2

Greedy is a |.5 approximation

Greedy’s ratio= 1.05

No, there is a QPTAS



Greedy

opt

® Process jobs in ) 20
order pi1=...=pn
® Place job jin gap ; e e

of maximum size

s, right shift jobs
following gap by g .
2pi-s if 2pi>s o/ f

greedy




A lower bound for OPT

® assign every gap [S;,5;] to smallest among jobs i,

® For every job j let aj€{0, 1,2} be the number of assigned gaps

® Property: 2 a;=n (number of jobs)

® Property: gap size < assigned job size

® |ower bound :2 ajp; < OPT for any a€{0,1,2}" with 2 a;=n

® Hence (n even) :2 times the smallest half of {pi,...,pn} < OPT
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Greedyisa |.5
approximation

Wlog suppose no job can be shifted to the right

Truncate job sizes from p to p’,
pi=size of gap starting at ;

Let A be total p’-sizes of larger half of jobs and B of smaller half

Makespan produced by Greedy is A + B
Wlog suppose insertion of job n increased makespan

Hence all gaps have sizes less than 2pn, hence A < 2B

But OPT > 2B

makespan =A + B < 3B < 30PT(p’)< %30PT(p)
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NP-hardness

reduction from 3-dimensional numerical matching

® givenay,...,an,bi,...,bn,ci,...,cn, D
partition into triplets (a;,bj,ck)
with aj+b;+c =D

® generate 5n triangles
M is some arbitrary constant

E
® FE (size BM+5D)
® F (size 4M)
® A (size 2M+2a;+D) F

® B (size 2M+b)) A V
® Cy (size M+ctD)



Binary tree ratio

® |nformally it is the maximum

ratio between vertex and
Formally ratio is successor if jobs are placed in
max (Pceil(ir2) / i) row order on this tree

Suppose order pi=...=pn

NP-hardness proof generates
instances with binary tree
ratio > 2 (arbitrarily close)

Greedy is optimal on
instances with binary tree
ratio < 2.




Greedy is optimal when
binary tree ratio < 2.

® We construct weights ece Trangl scheduing :
ale{O, I 92} SUCh that € www-desir.lip6.fr/~durrc/TriangleSchedu c Rechercher 3y & %% B
2a;p; is the makespan Input
and the lower bound processing times for evJ(_eorg 45 24 25 2015 13 12 12 8
for OPT @ Compute the greedy schedule
Output
44 The diagram below shows the schedule produced by the greedy algorithm.
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