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Ice vendors on a beach

a beach : a straight segment
tourists : buy from the closest vendor
gain of a vendor : surface of its Voronoi cell
social cost : average distance to the closest vendor

(unique) social optimum (unique) pure Nash equilibrium

price of anarchy : (here 2) worst ratio between the social cost of an 
equilibrium and the social optimum

[H.Hotteling, Stability in Competition, 1929]



Past work on rectangles

• A rectangle of ratio r≤1, 2 players: 
White places p vendors, 
then black places p vendors.
 
There is a strategy for black to win 
strictly more than half if and only if
p≥3 et r>√2/p or p=2 and r>√3/2. 

[Cheong,Har-Peled,Linial,Matoušek’02]
[Fekete,Meijer’03]



Past work on graphs

• For the same game on a 
graph, it is NP-complete to 
compute the best strategy 
for black (the 2nd player).
 
[Teramoto,Demaine,Uehara’06]



2+1/2+1/3

1+1/2+1/3

2+1/3

• discrete space : V with a distance given by G(V,E)

• k players, each is to place a single vendor on some vertex

• vertices are assigned to 
closest players, possible
in equal fractions

• gain of a player = total amount
of vertices assigned to to it

• strategy profile ∈Vk, is a 
pure Nash equilibrium 
if no player can unilaterally increase its gain

• social cost = sum over all vertices of the distance to 
closest player = minimum k-median problem

What we studied
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Price of anarchy
approximation ratio: price to pay 
for being restricted to 
polynomial time running time

competitive ratio : price to pay 
for not knowing the future 
requests in advance

price of anarchy : price to pay for 
the lack of coordination

social cost

social optimum

worst equilibrium

best equilibrium

price of 
anarchy

price of 
stability

social cost 
discrepancy
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Figure 3: Example of a graph with no Nash equilibrium for 2 players.

Theorem 1 Given a graph G(V,E) and a set of k players, deciding the existence of Nash equilib-
rium for k players on G is NP-complete.

Proof: The problem is clearly in NP, since best responses can be computed in polynomial time,
therefore it can be verified efficiently if a strategy profile is a Nash equilibrium.

The proof of NP-hardness is by the reduction from 3-Partition, which is unary NP-complete
[6]. In this later problem we are given integers a1, . . . , a3m and B such that B/4 < ai < B/2
for every 1 ≤ i ≤ 3m,

∑3m
i=1 = mB and have to partition them into disjoint sets P1, . . . , Pm ⊆

{1, . . . , 3m} such that for every 1 ≤ j ≤ m we have
∑

i∈Pj
ai = B.

We construct a weighted graph G(V,E) with the weight function w : V → N and a set U ⊆ V
such that for k = m + 1 players (m ≥ 2) there is a Nash equilibrium to the generalized Voronoi
game 〈G, U, w, k〉 if and only if there is a solution to the 3-Partition instance. We define the
constants c =

(3m
3

)
+ 1 and d =

⌊
Bc−c+c/m

5

⌋
+ 1. The graph G consists of 3 parts. In the first part

V1, there is for every 1 ≤ i ≤ 3m a vertex vi of weight aic. There is also an additional vertex v0 of
weight 1. In the second part V2, there is for every triplet (i, j, k) with 1 ≤ i < j < k ≤ 3m a vertex
uijk of unit weight. — Ideally we would like to give it weight zero, but there seems to be no simple
generalization of the game which allows zero weights, while preserving the set of Nash equilibria.
— Every vertex uijk is connected to v0, vi, vj and vk. The third part V3, consists of the 9 vertex
graph of figure 3 where each of the vertices u1, . . . , u9 has weight d. To complete our construction,
we define the facility set U := V2 ∪ V3.

U

w(u1,2,4) = 1

w(u1,2,3) = 1

w(u3n−2,3n−1,3n) = 1

w(v1) = a1c

w(v2) = a2c

w(v3) = a3c

w(v3n) = a3nc

w(u1) = d w(u3) = d

w(u4) = d

w(u6) = d

w(u2) = d

w(u5) = d

w(u7) = d

w(u8) = d

w(u9) = d

w(v0) = 1

w(u1,2,5) = 1

Figure 4: Reduction from 3-Partition.

First we show that if there is a solution P1, . . . , Pm to the 3-Partition instance then there is
a Nash equilibrium for this graph. Simply for every 1 ≤ q ≤ m if Pq = {i, j, k} then player q is

6

Does an equilibrium exist ?
• The existence of an equilibrium is a kind of graph property, 

it depends on G(V,E) but also on the number of players k.
Our thm: deciding which is the case is NP-hard.

• For example this graph has no 
equilibrium for 2 players:
Wlog, the 1st player places on u1 or 
u2.
The the 2nd player can place on u6, 
and gain 5 (or 6), that’s more than 
half. By sym. the 1st player can 
again change its strategy and gain 
more than half, and so on forever.
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• For example this graph has no 
equilibrium for 2 players:
Wlog, the 1st player places on u1 or 
u2.
The the 2nd player can place on u6, 
and gain 5 (or 6), that’s more than 
half. By sym. the 1st player can 
again change its strategy and gain 
more than half, and so on forever.



The social cost can differ by √(n/k)

equilibrium ● : 
cost Θ(kb+ka2)

equilibrium ▴ : 
cost Θ(kab+ka2)

worst ratio : 
Ω(√(n/k)) when b=a2.

a

b

Figure 5: Example of a graph with high social cost discrepancy.

players. There is an edge (i, j) in Hf either if there is a vertex v in G with Fi,v > 0 and Fj,v > 0
or if there is an edge (v, v′) in G with Fi,v > 0 and Fj,v′ > 0.

We will need to partition the Delaunay triangulation into small sets, which are 1-dominated
and contain more than one vertex. We call these sets stars: For a given graph G(V,E) a vertex set
A ⊆ V is a star if |A| ≥ 2, and there is a center vertex v0 ∈ A such that for every v ∈ A, v $= v0 we
have (v0, v) ∈ E. Note that our definition allows the existence of additional edges between vertices
from A.

Lemma 8 For any connected graph G(V,E), V can be partitioned into stars.

Proof: We define an algorithm to partition V into stars.
As long as the graph contains edges, we do the following. We start choosing an edge: If there

is a vertex u with a unique neighbor v, then we choose the edge (u, v); otherwise we choose an
arbitrary edge (u, v). Consider the vertex set consisting of u, v as well as of any vertex w that
would be isolated when removing edge (u, v). Add this set to the partition, remove it as well as
adjacent edges from G and continue.

Clearly the set produced in every iteration is a star. Also when removing this set from G, the
resulting graph does not contain an isolated vertex. This property is an invariant of this algorithm,
and proves that it ends with a partition of G into stars. !

Note that, when a graph is partitioned into stars, the centers of these stars form a dominating
set of this graph. Nevertheless, vertices in a dominating set are not necessarily centers of any
star-partition of a given graph.

The following lemma states that given two different Nash equilibria f and f ′, every player in f
is not too far from some player in f ′. For this purpose we partition the Delaunay triangulation Hf

into stars, and bound the distance from any player of a star to f ′ by some value depending on the
star.

Lemma 9 Let f be an equilibrium and A be a star of a star partition of the Delaunay triangulation
Hf . Let r be the maximal radius of the Voronoi cells over all players i ∈ A. Then, for any
equilibrium f ′, there exists a player f ′

j such that d(fi, f ′
j) ≤ 6r for every i ∈ A.

Proof: Let U = {v ∈ V : mini∈A d(v, fi) ≤ 4r}. If we can show that there is a facility f ′
j ∈ U we

would be done, since by definition of U there would be a player i ∈ A such that d(fi, f ′
j) ≤ 4r and

the distance between any pair of facilities of A is at most 2r. This would conclude the lemma.

8

How much do different equilibria differ with respect to social cost?



The social cost differs at most by √(kn)

• Let be 2 equilibria 
● and ▴

• We group the Voronoi 
cells defined by ● into 
regions



The social cost differs at most by √(kn)

• For a fixed region, let r be 
the maximal distance 
from a vertex to the 
closest player

• We show that one of the ▴ 
players must be at 
distance at most 4r of 
every ● of this region

r
4r

▴ ▴

▴
▴ ▴

▴

▴
▴▴

▴

▴



and now?

• Close the gap for the social cost discrepancy 
between √(n/k) and √(kn)

• Find the price of anarchy of this game

• Understand the structure of the game already for 
simple graphs, trees or cycles. 
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